We study the spin Calogero model of D N type with polarized spin reversal operators, as well as its associated spin chain of Haldane-Shastry type, both in the antiferromagnetic and ferromagnetic cases. We compute the spectrum and the partition function of the former model in closed form, from which we derive an exact formula for the chain's partition function in terms of products of partition functions of Polychronakos-Frahm spin chains of type A. Using a recursion relation for the latter partition functions that we derive in the paper, we are able to numerically evaluate the partition function, and thus the spectrum, of the D N -type spin chain for relatively high values of the number of spins N . We analyze several global properties of the chain's spectrum, such as the asymptotic level density, the distribution of consecutive spacings of the unfolded spectrum, and the average degeneracy. In particular, our results suggest that this chain is invariant under a suitable Yangian group, and that its spectrum coincides with that of a Yangian-invariant vertex model with linear energy function and dispersion relation.
Introduction
In a recent paper, a novel type of spin Calogero models and their associated spin chains of Haldane-Shastry type was introduced [1] . The distinguishing feature of these models is that they are constructed using a new representation of the Weyl group of the BC N root system, obtained by replacing the standard spin reversal operators by an arbitrarily polarized version thereof. As shown in the latter reference, these models are exactly solvable for all such representations and, in particular, the partition function of the spin chains can be exactly computed using Polychronakos's freezing trick [2, 3] . In this mental features of the BC N root system and its B N and C N degenerations is the fact that its Weyl algebra contains a family of reflection operators S i (i = 1, . . . , N ) satisfying S 2 i = 1. (In the case of the D N root system, the Weyl group only contains products S i S j with i = j.) In the spin chains studied in Refs. [35] [36] [37] [38] [39] [40] [41] , the operators S i are represented by spin reversal operators P i (acting on the Hilbert space of the i-th particle), but this is by no means the only possible choice. As a matter of fact, in the novel version of the spin Calogero model of BC N type and its corresponding (PF) chain introduced in Ref. [1] , the operators S i are represented instead by arbitrarily polarized spin reversal operators (PSRO) P (m1,m2) i , which act as the identity on the first m 1 elements of the spin basis and as minus the identity on the rest. These operators are equivalent under a similarity transformation to the usual spin reversal operators P i only when m 1 = m 2 or m 1 = m 2 ± 1, i.e., when there is minimal polarization. For the remaining values of the discrete parameters m 1 and m 2 , the systems constructed in the latter reference differ from the standard Calogero and PF models of BC N -type. In particular, when m 1 or m 2 are zero, the corresponding spin dynamical model reduces to the su(m)-invariant extension of the Calogero model studied by Simons and Altshuler [42] ; see also [43] .
In this paper we introduce the spin Calogero model of D N -type with PSRO and its corresponding spin chain of HS type, i.e., the PF chain of D N type with PSRO. As explained in Ref. [39] , these models are singular limits of their corresponding BC N counterparts, so that their spectrum cannot be obtained by setting to zero the parameter β in the latter models (cf. Eqs. (2.5) and (2.14) ). This is also apparent at the level of the Hilbert space, which is the direct sum of the Hilbert spaces of two BC N models with opposite chiralities. Thus, the models studied in this paper are not limiting cases of their BC N versions in Ref. [1] .
Our main result is the derivation of a closed-form expression for the partition function of the PF chain of D N type with PSRO in terms of products of partition functions of type-A PF chains. Our approach is based on the computation of the spectrum and partition function of the corresponding spin Calogero model, from which the chain's partition function follows by a standard freezing trick argument. The structure of this partition function turns out to be more involved than that of its BC N counterpart. In particular, it is not manifest that it is a polynomial in q ≡ e −1/(kBT ) , as follows from the freezing trick. Using the explicit expression for the partition function, we shall study several global properties of the chain's spectrum, such as the behavior of the level density and the average degeneracy when the number of spins tends to infinity. In particular, the fact that the number of distinct levels grows polynomially with the number of spins suggests that this model is isospectral to a Yangian-invariant vertex model of the kind studied in Ref. [44] .
The paper is organized as follows. In Section 2 we recall the definition and main properties of the polarized spin reversal operators P (m1,m2) i , and construct the Hamiltonians of the D N -type spin Calogero model with PSRO and its associated spin chain. Section 3 is devoted to the derivation of the closed-form expression of the chain's partition function, as explained in the previous paragraph. Using this expression, in Section 4 we analyze several global properties of the spectrum, providing strong numerical evidence of the Gaussian character of the level density when the number of spins is large enough. In Section 5 we extend the above results to the ferromagnetic version of the models under consideration. The paper ends with a brief section summarizing our main 3 results and presenting our conclusions, and a short technical Appendix establishing a useful recursion relation for the partition function of the PF chain of type A N −1 .
Construction of the models
For the purpose of describing the D N -type Calogero model with polarized spin reversal operators, it is convenient to briefly summarize the construction of its BC N counterpart [1] . To this end, let
denote the internal spin space for N particles. As usual, the action of the spin exchange operator P ij on S is defined as
Let us denote the PSRO associated with the i-th particle as P
, where m 1 and m 2 are two nonnegative integers satisfying the relation m 1 + m 2 = m. The action of P (m1,m2) i on S is given by [1] 
In terms of these operators, the Hamiltonian of the BC N -type Calogero model with PSRO is defined as [1] 
(2.5) where the sums run from 1 to N , a >
, and
It can be shown that when m is even (resp. odd) and m 1 = m 2 (resp. m 1 = m 2 ± 1), the PSRO in (2.3) is equivalent via a similarity transformation to the usual spin reversal operator P i , which changes s i into m − s i + 1. As a result, for these special choices of m 1 and m 2 , the Hamiltonian (2.5) reduces to that of the standard su(m) spin Calogero model of BC N type studied in Ref. [38] . As mentioned in the Introduction, another interesting special case is m 1 = m, m 2 = 0, for which the Hamiltonian (2. 
Using Eqs. (2.3) and (2.6) we easily obtain
Equations (2.8) and (2.9) clearly imply that
It is also obvious from Eqs. (2.2) and (2.6) that
From Eqs. (2.5), (2.10) and (2.11) we readily obtain 12) as claimed. In view of the above relation, it suffices to study the Hamiltonian (2.5) in the case = 1. However, in the paper we shall intentionally keep the parameter in H (m1,m2) B, in order to facilitate the comparison with its D N counterpart that we shall introduce below.
Due to the nature of the singularities of the Hamiltonian H (m1,m2) B,
, its configuration space can be taken as one of the Weyl chambers of the BC N root system, i.e., one of the maximal open subsets of R N on which the functions x i ± x j and x i have constants signs. We shall choose this configuration space as the principal Weyl chamber 13) where
is thus defined on an appropriate dense subset of the Hilbert space
was computed in Ref. [1] by constructing a suitable (non-orthogonal) basis of this Hilbert space in which this Hamiltonian acts triangularly. As explained in the latter reference, from the spin dynamical model (2.5) one can construct a PF chain of BC N type with PSRO by applying the freezing trick. The Hamiltonian of this chain is given by 14) where the lattice sites ζ i are related to the zeros y i of the Laguerre polynomial L
The exact partition function of the chain (2.14) has also been computed in Ref. [1] by exploiting its connection with the spin dynamical model (2.5).
The Hamiltonian H (m1,m2) of the D N -type spin Calogero model with PSRO is naturally defined by dropping the term related to the roots x i in H (m1,m2) B, , i.e., by setting β = 0 in Eq. (2.5). We thus obtain
It should be noted that, unlike its BC N counterpart, the latter Hamiltonian does not depend on . Just as before, from Eqs. (2.10) and (2.11) it follows that H (m2,m1) is unitarily equivalent to H (m1,m2) under T : [39] .
As is the case with the latter model, the configuration space C of the Hamiltonian (2.15) can be taken as one of the maximal open subsets of R N on which the linear functionals x i ± x j have constant signs. We shall again take C as the principal Weyl chamber of the D N root system, namely
Note that this configuration space contains its BC N counterpart (2.13) as a subset. As before, the Hamiltonian (2.15) is defined on a suitable dense subspace of the Hilbert space L 2 (C) ⊗ S. We shall next explain in detail how to construct the D N -type PF chain with PSRO associated to the spin dynamical model (2.15) by means of Polychronakos's freezing trick. To begin with, note that the Hamiltonian H (m1,m2) can be decomposed as
where
is the Hamiltonian of the scalar D N Calogero model and
is a spin-dependent multiplication operator. On the other hand, in the strong coupling limit a → ∞ the coefficient of the dominant term (of order a 2 ) in the Hamiltonian (2.15) is given by
Hence as a → ∞ the particles concentrate at the coordinates ξ i of the unique minimum ξ of the potential U (x) in the configuration space C [45] , and the coordinate degrees of freedom of H (m1,m2) decouple from the internal ones. By Eq. (2.18), in this limit the eigenvalues of H (m1,m2) are approximately given by
where E sc i and E j are two arbitrary eigenvalues of H sc and N −1 (y) and the previous characterization of the sites ζ i of the BC N chain (2.14), it immediately follows that ξ = lim β→0 ζ. Although one may naively think that the Hamiltonian H (m1,m2) is simply the β → 0 limit of its
, this is certainly not the case. The point is that, although the roots ζ i with 2 i N tend to finite nonzero limits when β → 0, the first root ζ 1 tends to 0 in this limit. As a consequence, the i = 1 term of the last sum in Eq. (2.14) need not vanish as β → 0, and in fact it can be shown [39] that
Letting β → 0 in Eq. (2.14) and using the latter identity we immediately obtain Thus, the β → 0 limit of the Hamiltonian H . Thus, except in the previously noted special cases, the spectrum of H (m1,m2) cannot be obtained from that of
by taking the β → 0 limit. This fact is illustrated in Fig. 2 , which shows that the spectra of these chains with m 1 = 3, m 2 = 1 and N = 10 spins are clearly different. 
Spectrum and partition function
In this section, we shall compute in closed form the spectrum and partition function of the spin Calogero model of D N type with PSRO in Eq. (2.15). This will enable us to compute the partition function Z (m1,m2) of the D N -type PF chain with PSRO (2.23) by a standard freezing trick argument. Indeed, from Eq. (2.22) it is straightforward to derive the following exact formula for Z (m1,m2) in terms of the partition functions Z (m1,m2) and Z of the spin dynamical model (2.15) and of its scalar counterpart (2.19):
Since Z has already been computed in Ref. [39] , Eq. (3.1) provides an effective way of evaluating Z (m1,m2) once Z (m1,m2) is known. The key idea for deriving the spectrum of the spin Hamiltonian (2.15) is to observe that it can be obtained by applying a suitable projection to a simpler differentialdifference operator H acting on scalar functions. The spectrum of H can be readily computed by constructing a (non-orthogonal) basis of its Hilbert space on which this operator acts triangularly. The spectrum of H (m1,m2) is then easily determined by projecting onto the Hilbert space of the latter operator.
More precisely, the auxiliary operator H is given by [39] 
where K ij and K i are coordinate exchange and sign reversing operators, defined by 
as [47] 
is the ground state of the scalar Calogero model of D N -type and
is its ground-state energy. A basis of this Hilbert space on which H acts triangularly is provided by the functions
where the n i 's are arbitrary non-negative integers. Indeed, since J − i lowers the degree
where the coefficients c mn are real constants and
As the diagonal elements of any upper triangular operator coincide with its eigenvalues, the spectrum of H is given by Eq. (3.8).
The spectrum of the spin Hamiltonian H (m1,m2) can be derived from that of H by noting that these Hamiltonians are formally related by
In order to take advantage of this observation, we introduce the operator Λ (m1,m2) projecting the Hilbert space L 2 (R N ) ⊗ S onto states that are antisymmetric under particle permutations and symmetric under the action of
for any i = j. In other words, the projector Λ (m1,m2) is determined by
so that
We shall now outline the construction of the projector Λ (m1,m2) in terms of the analogous projectors Λ (m1,m2) B,± for the BC N -type spin Calogero model with PSRO (2.14) with chirality ε = ±1 (cf. [1] ). To this end, recall that Λ (m1,m2) B,± projects from the Hilbert space L 2 (R N ) ⊗ S onto spin wavefunctions antisymmetric under particle permutations and with parity ±1 under π
The projector Λ (m1,m2) B,± can then be expressed as
where P l denotes an element of the realization of the permutation group generated by the operators π ij and ε l is the signature of P l . From Eqs. (3.10) and (3.13) we conclude that
Indeed, the right-hand side of the latter equation is clearly a projector, since
and it satisfies (3.10) on account of (3.13). Thus the space
decomposes as the direct sum
We have already mentioned that, due to the impenetrable nature of the singularities of the Hamiltonian H (m1,m2) , its Hilbert space can be taken as the space L 2 (C) ⊗ S of spin wavefunctions square integrable on the open set C in Eq. (2.17). On the other hand, any point in R N not lying on the singular subset x i ± x j = 0, 1 i < j N , can be mapped in a unique way to a point in C by a suitable element of the D N Weyl group, which is generated by coordinate permutations and sign reversals of an even number of coordinates [48] . Using this fact, it can be shown that L 2 (C) ⊗ S is actually isomorphic to the space V , and H (m1,m2) is equivalent to its natural extension to the latter space which (with a slight abuse of notation) we shall also denote by H (m1,m2) . With this identification, in view of Eq. (3.12) we can write
where H acts trivially (as the identity) on S.
We shall now explain how the spectrum of H (m1,m2) can be derived from that of H using the previous equation. To this end, note that by Eq. (3.16) the Hilbert space V is the closure of the linear subspace spanned by the spin wavefunctions
where |s ≡ |s 1 , . . . , s N is an arbitrary element of the canonical spin basis. In fact, the wavefunctions (3.18) with fixed span a subspace whose closure is the Hilbert space V B, . Clearly, the functions (3.18) are not linearly independent. Indeed, using Eq. (3.13) it is easy to show that these functions satisfy the relations
where n and s are respectively obtained from n and s by permuting any two of their components (the same for both). Due to these identities, the sets {ψ + n,s (x)} and {ψ − n,s (x)} are both linearly independent provided that the following three conditions are imposed on the quantum numbers n and s: i) To avoid overcounting, and for later convenience, we shall order the components of n as follows: 
ii) By the second equation in (3.19) , the allowed values of s i corresponding to each n i are given by
for the set {ψ + n,s (x)}, and by
for the set {ψ iii) If n i = n j and i < j we shall take s i > s j , again to avoid overcounting.
If the above conditions are satisfied, each of the sets {ψ n,s (x)} ( = ±) is a non-orthogonal basis of the corresponding subspace V B, , and the union of these sets provides a nonorthogonal basis of the whole Hilbert space V by Eq. (3.16). We shall next show that H (m1,m2) leaves invariant each of the subspaces V B, , and that it acts triangularly on the corresponding basis {ψ n,s (x)} provided that we (partially) order it by the total degree |n|.
Indeed, using Eqs. (3.15) and (3.17) , and taking into account that [H , Λ (m1,m2) B, ] = 0 we obtain
(H φ n (x))|s . 
where the C mn 's are real constants and s is a permutation of s such that (m, s ) satisfies conditions i)-iii) above; see [39] for more details. By Eq. (3.21), the action of H (m1,m2)
on the whole Hilbert space V = V B,+ ⊕ V B,− is the direct sum of two upper triangular actions on each of the subspaces V B,± . Consequently, the eigenvalues of this operator are given by
where = ± and (n, s) satisfies conditions i)-iii) above. Since the RHS of Eq. (3.22) does not depend on and s, the eigenvalue associated with the quantum number n has 12
an intrinsic degeneracy d (m1,m2) n coming from the two possible chiralities and the spin degrees of freedom. This intrinsic degeneracy is in fact the sum
where d
is the number of spin states satisfying conditions i)-iii) for the given n and . Using these conditions we readily obtain [1] 
and therefore 
where the sum is over all multiindices n satisfying condition i) above. It is worth mentioning at this point that the spectrum of the BC N -type spin Calogero model with PSRO and chirality in Eq. (2.5) is also given by the RHS of Eq. (3.22) , with E 0 replaced by [1] E 0,B = E 0 + N βa 2 .
Moreover, the intrinsic degeneracy of the energy a|n|+E 0,B is given by d
. It follows from Eq. (3.23) that the D N spin Hamiltonian H (m1,m2) is (up to a constant) the direct sum of two BC N -type spin Calogero models of opposite chiralities with PSRO. Using Eqs. (3.22) and (3.25) , the canonical partition function of the D N -type spin Calogero model with PSRO can be written as 26) where the sum ranges over all multiindices n satisfying condition i) above. Similarly, the partition functions of the corresponding BC N -type models (2.5) are given by
From Eq. (3.23) it then follows that
In order to apply the freezing trick formula (3.1), we need only recall the expression for the partition function Z of the scalar Calogero model of D N -type derived in Ref. [39] , namely of the PF spin chain of BC N type (2.14) we finally obtain
where from now on we shall use the variable q = e −1/(kBT ) in place of T . The partition function Z 
where ρ i is the i-th zero of the Hermite polynomial of degree k. Indeed, it is shown in Ref. [1] that for m 2 > 0 we have
where the q-binomial coefficient N k q 2 is defined as 34) where f N,k (q) is given by
The case m 2 = 0, for which P (m1,0) i = 1 and the Hamiltonian (2.23) reduces to the rational version of the (trigonometric) Simons-Altshuler chain [42] , deserves special attention. Indeed, in this case by Eq. (3.19) the components of the multiindex n are all 14 even (resp. odd) for the eigenfunctions ψ [38] . From (3.36) it then follows that
and substituting into Eq. (3.30) we finally obtain
Note that, as shown in Ref. [1] , the RHS of the latter equation also coincides with the partition function of the BC N -type chain (2.14) with ε = 1 and m 2 = 0. This was to be expected, as the latter model reduces to its D N counterpart (2.23) when m 2 = β = 0 and its spectrum does not depend on β.
As is well known, several equivalent closed-form expressions for the partition function of the A k−1 -type PF chain (3.31) exist in the in the literature [3, 16, 44, 49] . For instance, Polychronakos [3] showed that this function is given by
where the q-multinomial
Another well-known expression for the partition function Z (m)
A,k was derived in Ref. [16] , namely
Here P k represents the set of all ordered partitions f ≡ {f 1 , f 2 , . . . , f r } of the integer k,
f i are the partial sums of f , and the complementary partial sums are defined as {F 1 , F 1 , . . . , F k−r } ≡ {1, 2, . . . , k} \ {F 1 , F 2 , . . . , F r }. A related expression for the partition function of the chain (3.31) can be obtained by exploiting its connection with a one-dimensional classical vertex model consisting of k + 1 vertices connected by k intermediate bonds [44] . Any possible state for this vertex model can be represented by a path configuration given by
41) 15
where s i ∈ {1, 2, · · · , m} denotes the spin state of the i-th bond. The energy function associated with this spin path configuration s is defined as
where θ is Heaviside's step function, defined as
Using the Yangian quantum group symmetry of the model (3.31), it can be shown that its partition function coincides with that of the one-dimensional vertex model with energy function (3.42) (cf. [44] ). Thus Z (m)
A,k (q) can be expressed as
where the sum has runs over all possible m k spin path configurations. In particular, from Eq. (3.44) it follows that Z
Thus the partition function (3.34) with m 2 = 1 reduces to is an even polynomial in q, and its energies are therefore even nonnegative integers. By Eq. (3.34) , to show that the partition function of the D N -type PF chain with PSRO is a polynomial in q when m 2 > 0 it suffices to prove that the coefficients f N,k (q) in Eq. (3.35) depend polynomially on q. Although it is well known that the q-binomial coefficient N k q 2 in (3.33) is indeed an even polynomial in q of degree 2k(N − k) [50] , it is not clear whether f N,k (q) is also a polynomial. In fact, we have verified that this is the case for a wide range of values of N and all k N . We conjecture that this is true in general, so that when m 2 > 0 the energies of the spin chain (2.23) are also nonnegative integers. Note that the latter fact also follows from the freezing trick formula (2.22), Eq. 
Statistical properties of the spectrum
A characteristic property of all spin chains of Haldane-Shastry type is the fact that their level density approaches a Gaussian distribution as the number of spins tends to infinity. This property has been rigorously proved for the chains of A N −1 type and theirrelated one-dimensional vertex models [51, 52] , and has been numerically checked for the B N , BC N and D N type chains with standard spin reversal operators [37] [38] [39] 41] . More recently, it has been established that the level density of the BC N -type PF chain with PSRO shows a similar behavior [1] . It is therefore of interest to ascertain whether the level density of the D N -type spin chain with PSRO in Eq. (2.23) becomes normally distributed as the number of spins tends to infinity. In fact, Figs. 1 and 2 clearly suggest that this is actually the case. We shall restrict ourselves in the rest of this section to the case m 2 > 0, since for m 2 = 0 the spectrum of the chain (2.23) is twice that of an su(m 1 ) PF chain of A N −1 type (with the same degeneracies) on account of Eq. (3.38) .
The spectrum of the spin chain (2.23) can be determined for any fixed N by evaluating its partition function (3.34) with the help of, e.g., Mathematica. It turns out that the most efficient way to compute the partition function Z (m)
A,k appearing in the latter equation is using the recursion relation
with the initial condition Z (m)
A,0 (q) = 1 (see Appendix A). In this way it is possible to evaluate the partition function Z (m1,m2) (q) on a standard desktop computer for relatively high values of N (of the order of 50) and, say, m 1 + m 2 4. Our computations show that the energy levels of the D N -type spin chain with PSRO are always a set of consecutive integers. This result is consistent with the fact that the spectrum of all previously studied rational spin chains of HS type is a set of consecutive integers [3, 38, 39] , including the rational spin chain of BC N type with PSRO introduced in Ref. [1] . For this reason, in order to test the Gaussian character of the level density of the chain (2.23) as N → ∞ one can compare directly its normalized level density
where E 1 < · · · < E L are the distinct energy levels and d i is the degeneracy of E i , with the Gaussian distribution
with parameters µ and σ given by the mean and standard deviation of the spectrum, respectively. More precisely, the level density of the chain (2.23) is asymptotically Gaussian provided that
In order to check the validity of the latter equation for any given m 1 , m 2 and N we need to compute the corresponding values of µ and σ. We shall next show that, as is the case with other spin chains of HS type, these parameters can be easily evaluated in closed form from their definition
The traces appearing in (4.4) can be computed in essentially the same way as for the BC N -type PF chain with PSRO (2.14), using the traces of the spin operators P ij , P (m1,m2) i and P (m1,m2) ij given in Ref. [1] . Proceeding in this way we obtain
where t ≡ m 1 − m 2 and
The sums in Eqs. (4.5)-(4.6) can be evaluated by taking the β → 0 limit of the corresponding formulas in Appendix A of Ref. [38] . We thus obtain We have checked that the normalized level density of the spin chain (2.23) is indeed in excellent agreement with the Gaussian distribution (4.3) for different values of m 1 , m 2 , and even moderately large values of N 15. As an example, in Fig. 3 we compare the normalized level density of the chain (2.23) with m 1 = 3, m 2 = 1, for N = 10 and N = 20 spins, respectively, with the corresponding Gaussian distribution (4.3). It is apparent from these plots that the fit, already quite good for N = 10, improves significantly for N = 20. This is confirmed by computing the RMSE errors for both fits, which are respectively equal to 3.66 × 10 −2 and 2.18 × 10 −2 . For comparison purposes, we note that this error decreases to 1.11 × 10 −2 for N = 50 spins. Another interesting property of the spectrum of the chain (2.23) is connected to the distribution of the spacings between consecutive levels of the unfolded spectrum [53] , 18 which in this case is given by
According to a celebrated conjecture due to Berry and Tabor [54] , the distribution of these spacings for a "generic" quantum integrable system should be Poissonian, i.e., p(s) = e −s . On the other hand, a fundamental conjecture in quantum chaos due to Bohigas, Giannoni and Schmit [55] posits that the spacings distribution for a fully chaotic quantum system invariant under time reversal should follow Wigner's law
characteristic of the Gaussian orthogonal ensemble in random matrix theory [56] . In fact, it has been shown that the spacings distribution of a large class of integrable spin chains of Haldane-Shastry type follows neither Poisson's nor Wigner's law [1, 14, 16, 38, 57] . More precisely, it is shown in Refs. [16, 38, 58] that the cumulative spacings density P (s) ≡ s 0 p(s )ds of a quantum system with equispaced energy levels and asymptotically Gaussian level density follows the "square root of a logarithm law" 9) provided that a few mild technical conditions are satisfied. We have just shown that the energy levels of the rational D N chain with PSRO (2.23) are equispaced and its level density is asymptotically Gaussian, and it can be easily checked using the formulas for E 1 and E L below that the technical assumptions in Ref. [58] are satisfied. Thus the spacings distribution of this chain is again approximately given by Eq. (4.9). It should be noted that for a more precise test of the validity of the Berry-Tabor conjecture one should restrict oneself to eigenspaces with well-defined quantum numbers corresponding to the main symmetries of the model. On the other hand, the fact that the spacings distribution of the whole spectrum is not Poissonian suggests that the Berry-Tabor conjecture does not hold in these eigenspaces, since the superposition of even a small number of Poissonian distributions is also Poissonian [59] . One of the characteristic properties of both the original Haldane-Shastry and the Polychronakos-Frahm spin chains of A N −1 type is their invariance under the quantum group Y (sl(m)). From the existence of such a large symmetry group one should expect that the spectrum of these chain exhibits a high degree of degeneracy. In fact, it is shown in Ref. [60] that the spectrum of these models is far more degenerate than that of a generic Yangian-invariant system, due to their equivalence to a vertex model of the form (3.42) with a very simple dispersion relation. Indeed, as shown in the latter reference, the number ν all spin chains of HS type associated with the A N −1 root system. For instance, in the case of the type A N −1 PF chain this polynomial is simply given by E L − E 1 + 1, since its spectrum is a set of consecutive integers. From the explicit expressions for the maximum and minimum energies of this model in Ref. [16] we easily obtain 10) where l = N mod m. The situation is far less clear for spin chains of HS type associated to other root systems, with either standard or polarized spin reversal operators. On the one hand, the presence of these spin reversal operators breaks su(m) invariance, so that it is not obvious whether these models are invariant under a suitable quantum group, let alone Y (sl(m)). On the other hand, it has been observed that the spectrum of some of these chains is also highly degenerate, which seems to indicate the presence of a large symmetry group. In the particular case of the D N -type chain with PSRO in Eq. (2.23), the number of distinct energy levels can again be exactly computed under the assumption (which we have numerically checked) that the spectrum consists of consecutive integers. Indeed, it suffices to evaluate the maximum and minimum energies E (m1,m2) max and E (m1,m2) min , in terms of which the number ν (m1,m2) of distinct energy levels is given by
In the first place, the maximum energy can be easily computed by taking into account that P ij andP (m1,m2) ij are self-adjoint operators whose square is the identity, so that their eigenvalues are ±1. Moreover, it is clear that a state of the form |s, s, . . . , s is a simultaneous eigenvector of all the operators P ij andP (m1,m2) ij with eigenvalue 1. Hence the maximum energy of the chain (2.23) is given by 11) where the sum was evaluated in [39] . On the other hand, by Eq. (3.30) the minimum energy is given by E (m1,m2) min 12) where
is the minimum energy of the BC N -type chain (2.14) with = +1. The latter energy was computed in Ref. [1] , with the result From Eqs. (4.11) and (4.14), and the assumption that the energy levels are equispaced, we finally obtain the following closed formula for the number of distinct energy levels ofthe D N chain (2.23):
Thus, it is apparent that ν (m1,m2) is a quadratic polynomial in N , as is the case with the PF chain of A N −1 type (cf. Eq. (4.10) ). In particular, the spectrum of the chain (2.23) exhibits a very high degeneracy, much larger than that of a generic Yangian-invariant su(m) spin model; see, e.g., Fig. 4 . The low number ν (m1,m2) of distinct energy levels of the model (2.23) entails an extremely high average degeneracy d (m1,m2) ≡ m N /ν (m1,m2) , which in turn suggests the existence of a large symmetry group. More precisely, it was shown in Ref [60] that the polynomial growth of the number of distinct energy levels of the spin chains of HS type associated to the A N −1 root system is ultimately due to the equivalence of these chains to a Yangian-invariant vertex model of the form (3.42) with a suitable dispersion relation. This observation makes it reasonable to conjecture that the D N -type spin chain with PSRO (2.23) is also invariant under a suitable Yangian group, and that its spectrum coincides with that of a vertex model analogous to (3.42) with an appropriate energy function.
The ferromagnetic models
We shall consider in this section the ferromagnetic counterparts of the D N -type spin Calogero model with PSRO (2.15) and its corresponding spin chain (2.23), with Hamiltonians respectively given by
and
The spectrum of the ferromagnetic spin Calogero model (5.1) can be studied in a similar way as its antiferromagnetic counterpart, following the procedure described in Section 3.
To begin with, we note that the Hamiltonian (5.1) and the auxiliary operator (3.2) are related by H
Hence, the operator Λ (m1,m2) in Section 3 should be replaced by the projector Λ 
As explained in Section 3 for the antiferromagnetic case, the operator H (m1,m2) F is equivalent to its natural extension to the Hilbert space
A set of (non-orthogonal) vectors whose linear span is dense in each of the Hilbert spaces V B,s,± can be constructed in much the same way as in the antiferromagnetic case, replacing Λ under permutations, in order to obtain a basis of these Hilbert spaces we must replace condition iii) in Section 3 by iii ) s i s j if n i = n j and i < j . As a result, the spectrum of the ferromagnetic model (5.1) is still given by Eq. (3.22), but the corresponding degeneracy factor d (m1,m2) n in (3.25) should be replaced by
Using this formula for the degeneracy factor and proceeding as in Section 3, we find that the partition function of the D N -type ferromagnetic spin chain (5.2) is given by the following analog of Eq. (3.30):
where Z (m1,m2) B,F,+ denotes the partition function of the ferromagnetic counterpart of the rational BC N -type chain (2.14). Proceeding as in Ref. [1] one can readily prove the ferromagnetic version of Eq. (3.32), namely
A,F,k denotes the partition function of the ferromagnetic version of the su(m) PF chain of type A N −1 (3.31) with k spins, obtained replacing P ij by −P ij in the latter equation. Finally, from Eqs. (5.7) and (5.8) we immediately obtain the following explicit formula for the partition function of the ferromagnetic chain (5.2): 9) where f N,k (q) is again given by (3.35) . For m 2 = 0, proceeding exactly as in Section 3 we obtain Z 
A,F,k is also given by the RHS of Eq. (3.44) with θ(x) replaced by 1 − θ(x) in the definition (3.42) of E (m) ( s). From any of these explicit formulas for Z A,F,k (q) (m) , it follows that this function is a polynomial in q. By Eqs. (5.9)-(5.10) the same is true for the partition function of the chain (2.23), provided that the coefficient f N,k (q) is a polynomial in q.
As is well known, the partition functions of the A N −1 -type ferromagnetic and antiferromagnetic PF spin chains satisfy a certain duality relation [3, 61, 62] . In fact, a similar relation also holds for PF chains associated with other root systems [1, 38, 39] . In order to establish a duality relation between the partition functions of the ferromagnetic and antiferromagnetic spin chains of D N type with PSRO, it suffices to observe that their Hamiltonians (5.2) and (2. 
Conclusions and outlook
We introduce the D N spin Calogero model with PSRO and its associated spin chain of HS type, namely the D N PF chain with PSRO. We solve the former model by finding a suitable (non-orthonormal) basis of its Hilbert space on which its Hamiltonian acts triangularly. From the spectrum of this model we are able to compute its partition 23 function in closed form, which yields the partition function of the spin chain via Polychronakos's freezing trick. More precisely, we show that the latter partition function can be expressed in terms of the partition function of the type-A PF chain. Since the type-A partition function can be efficiently evaluated using a simple recursion formula that we also derive in this paper, we are able to exactly compute the spectrum of the D N -type chain for relatively high values of N . In this way, we are able to study several global properties of the spectrum of the latter chain. In particular, we provide strong numerical evidence showing that its energy levels are a sequence of consecutive integers, and that its level density becomes normally distributed when the number of spins tends to infinity. From these facts we conclude that the spacings between consecutive levels of the unfolded spectrum follows a "square-root-of-a-logarithm" distribution, characteristic of most spin chains of HS type. We also determine the number of distinct energy levels of the spin chain, showing that it is a second-degree polynomial in N , as is the case with the PF chain of A N −1 type. For spin chains of HS type related to the A N −1 root system, it is known [60] that the polynomial growth of the number of distinct levels is a consequence of the fact that these models are equivalent to a Yangian-invariant vertex model with linear energy function and polynomial dispersion relation. Our results strongly suggest that this is also the case for the present model, a conjecture which certainly deserves further study. In particular, the validity of this conjecture would also point out at the existence of a suitable Yangian symmetry for both the D N -type spin chain and the spin Calogero model with PSRO, as is the case with the rational and trigonometric Calogero-Sutherland models of A N −1 -type and their associated spin chains. The present work suggests some possible future developments. Among them, the most natural one would be to address the extension of our results to the Sutherland (both trigonometric and hyperbolic) models of BC N , B N and D N type and their related spin chains. From a more mathematical standpoint, the fact that the chain's spectrum consists of integers leads us to conjecture that the function f N,k (q) in Eq. (3.35) is a polynomial in q. Although this conjecture can be easily checked numerically, we have not been able to find an analytic proof thereof using the properties of q-binomial coefficients.
